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■ On the basis of Liouville theorem the generalization of the Nambu mechanics is considered. 

, Is shown, that Poisson manifolds of n-dimensional multi-symplectic phase space have inducting 

by (n-1) Hamiltonian k-vector fields, each of which requires of (k)-hamiltonians. 
Keywords: Liouville theorem, Hamiltonian vector fields. 

1. Consider a system of the differential equations as submanifold E in a jet bundles 
J n (vr): E^M, and [1] 



F(t,x ,xi, ...,x n ) = 0, 

where t G M C R, u = x G U C R, Xi G J\n) C R n , E = M xU . We select from 

ch ! S C J n (iv) the equations with Poisson structure and bracket 

+-> 

ci , , , , 

{H, G} = X H \dG = Cx H G, 

and write Cartan distribution as 

\Q • 9i = dxi - {H, Xi}dt. (2) 

m 



Here Cx H is the Lie derivative along vector field Xh G A 1 , A n a exterior graded algebra 
of £;-vector fields, H = H{x) - while unknown function. Contact vector field {Xh\0 = 0) 
has the form 

8! x H = £ + (3) 

2. Consider classical symplectic mechanics on J 1 (ft). Vector field Xjj on symplectic 
manifold (M, oS) is called Hamiltonian, if the 1-form = X}j\VL is closed dQ = and 
exact (for contractible manifolds) [2]. It allows to find a Hamiltonian H. In this case 
symplectic form is 

Q = dx A dx\ 

and 

6 = X l H \tt = dH, 

where 



r, ( x o + x i 

Poisson structure flU): 



H 

2 



a inducted by Hamiltonian vector field: 

- dH d dH d 

Xrj 



H dxi dxo dx dx\ 
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Cartan distribution defined dynamic Hamiltonian equations in canonical coordinates 

— = \H x\ 
dt 1 ' lh 

Volume of the Cartan differential forms ([2]) 

I = 6 Q f\6 l =tt-X 1 \QAdt 
give as Poincare integral invariant i (I = di): 

i = -(xodxi — xidxo) — H A dt. 

According to the Liouville theorem anyone Hamiltonian field conserved of the Vol- 
ume form, i.e. Lie derivative of the 2-form along vector field Xjj is zero: Cx^ — 0. 
In other words, generated by a vector fields Xjj the one-parametrical group symplectic 
transformations {gt} (phase flow) preserves the canonical two-form Q, i.e. gtfl = 0. 

3. Now, we have extended the previous calculations on J 2 (vr). From Liouville theorem 
we have 3-form 

Q = dx A dxi A dx 2 

volume of the phase space. 

Theorem 1. The volume 3-form Q G A 3 are supposed by existence of 2 polyvector 
Hamiltonian fields: X 1 G A 1 and X 2 G A 2 . 

Proof: On definition 

Cx& = x\dn + d(x\n) = o. 

Since O G A 3 , we see that dQ = 0, and 

d(x\n) = o. 

From Poincare lemma it follows that X\Q is exact, and 

X\tt = Q = dH. 
1) If G A 1 , then 6 G A 2 , H G A 1 : 

w1 fdH dH\ d fdH dH\ d fdH dH\ d 



y dx\ 8x2 J dxo \ dx 2 dxo J dx\ \ dxo dx\ ) dx 2 
and 

2 

= X 1 H \Q = Y / dHAdx i . 

i=0 

Poisson bracket Xjj\dG = {H, G} has the form 

rrrnl fdH 8H\ dG (dH 8H\ 8G fdH 8H\ 8G 



2) If G A 2 , then G A 1 , if G A , 



1 /<9# 9 d dH d d dH d d 
At; h — — • — — A — h — • — A 



2 \ dx dxi dx 2 dxi dx 2 dx dx 2 dx dxi ) 



and 



= X 2 H \Q = dH. 
Poisson bracket X 2 H \ (dF A dG) = {H,F, G} has the form 



{F, G, H} 



1 



dH ( 8F dG dF dG' 



+ 



dx \dxi dx 2 dx 2 dx\ J 

dH (dF dG _ dF dG\ dH ( dF dG dF dG ' 

dx\ \ dx 2 dxo dxo dx 2 J dx 2 \ dxo dx\ dx\ dxo 



4. Let's consider of generalization of the previous calculations on J n (vr). Let n-form 

Q = dx A dxi A ... A dx n _i 
be Liuville's volume of a phase space. 

Theorem 2. Conservation laws for the Liuville's volume Q G A n suppose existence 
of n — 1 polyvector's Hamilton's fields X k G A k (1 < k < n — 1). 
Proof: On definition 

L x n = x\dn + d(x\n) = o. 

Since f2 G A n , we see that dil = 0, and d(X\il) = 0. From Poincare's lemma it follows 
that X\il - is exact, and 

X\Vl = = dH. 
If G A k , then G A n ~ k , H G A™-*" 1 and (1 < k < n - 1): 

d 



Xn—l 
H - 



_i y. 1 d# g a ^ d 

{n-l)\^ dx k dx dxt 



dxi 



A ... A 



d 



dx n -i 



n-l 



dH dH^ 



d 



x n ~ 2 = ( — 

H (n-2)\f£\dx i dx k J dx 



A 



d d 

A 



<9xj dxk 



A ... A 



9 



dx 



n-l 



fa - 3) ! \ dx i 9x k 9xi 



d d d 

dxi dxk dxi 



A ... A 



d 



dx 



n-l 



for which 



O 1 = X?T 1 \Q = dH, 



n— 1 



e 2 = x n H 2 \ n = J2 dHA dx h 



n—l 



e 3 = x^~ 3 \ n = dH A dxi a dxj, 



n—l 



@4 = x „-4j fi= dH A dxi A d Xj A dx k , 



i<j<k 



n-1 



Q n - 1 =X 1 H \Q= dH Adxi Adxj A ... Adx k . 

i<j<...<k 

Proposition. For any n-form f2 and Hamiltonian polyvector field £ A k existence 
Poisson Structure Xjj\dxi = {H,Xi}, containing k Hamiltonians: 

X k H \ (dF 1 AdF 2 A...AdF k ) = {H, F u F 2 , F k }. 



as 



5. Example. Euler's equations for rigid body in Poisson's form may also be written 



x= y-z, 



y = —x + z, 
I z = x-y, 

The vectorial form of this equation we write as 



x = Dx, 



where 



x 

y 

z 



and D 



/ 1 -1 \ 
-1 1 

V i -i 



This vector flow is called Hamilton's flow if 

divDx = 0. 

This implies, that 

Dx = roth. 

These expressions are a requirement of a closure of differential form duj = : 

uj — (y — x)dy Adz + {—x + z)dz A dx + (x — y)dx A dy = (roth ■ dS). 
Using an Homotopy operator we have uj — dv : 



v — (h • dx) where h = | 



y 2 + z 2 — x(y + z) 
+ x 2 — y(z + x) 
x 2 + y 2 — z(x + y) 



dx 



dx 

dy \. 

dz 



or 



^ = (y 2 + 2:2 - ^(y + z))dx + (z 2 + x 2 - y(z + x))dy + (x 2 + y 2 - z(x + y))dz. 
Hamilton's flow has the form 



roth 



9x 



dh 3 dh 2 \ d ( dhi dh 3 \ d ( dh 2 dh\ \ d 



+ 



+ 



dy dz I dx \ dz dx I dy \ dx dy I dz 1 



and Poisson bracket {H, G} = X H \dG gives: 

x = {h,x} , 

where h - vectorial Hamiltonian. 
From Lax pair 







f X 


z 


y 


\ 


L = [ML], 


L = 


z 


y 


X 








v y 


X 


z 


) 



M= - 



/ -1 f 
f -f 

V -l f o 



for these flow we get two scalar invariants 



1 3 

I 1 = trL = x + y + z, I 2 = - trL 2 = -{x 2 + y 2 + z 2 ), 



gives bivectors Hamilton's flow 



X = 



I ( dl d 



A 



d 



+ 



dl d 



A 



d 



+ 



dl d 



A 



d 



2 \dx dxi dx 2 dxi dx 2 dx ' dx 2 dx dxi 
For two Hamiltonians I±, I 2 it gives X} j = X|JdJ 2 : 



X hh 



'dhdl 2 dhdl 2 \ d , (dhdh dh dl 2 \ d_ + f dh dl 2 dhdl 2 \ d 



v dy dz dz dy J dx \ dz dx dx dz J dy \ dx dy dy dx J dz' 
and Poisson bracket 



with dynamics equations 



X 2 H \ (dF A dG) = {H, F, G} 



x = {Ii,I 2 ,x}. 
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